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For a bounded linear operator T on a Hilbert space H let W(T) denote its 
numerical range, i.e. W(T) = {( Tf,f) 1 f~ H, j/f 11 = l), and w(T) its numerical 
radius, i.e. w(T) = sup{1 X 1 ] h E W(T)}. F or a convex set X a boundary point h 
is called a bare point, if there exists a circle through h such that no point of X 
lies outside this circle. Obviously a bare point is an extreme point but not the 
converse. 
Chandra Das investigated the problem, which boundary points of W(T) lie 
in W(T) itself. More precisely he treated the question, for which h E aW(T) 
the following statement is true: 
(4 Let {fJ b e a sequence of unit vectors in H weakly converging to 
f E H such that ( Tfn ,f,J -+ h. Then either f = 0 or 
Tf f 
llfll ’ llfll 
=A 
* 
Here the requirement of weak convergence is no restriction for /\, since {f,J 
lies in the unit sphere, which is weakly compact; so for any h E aW( T) there exists 
such a sequence. 
In [I] and [2] Chandras Das gave proofs for the cases I h I = II T 11 and 1 h 1 = 
w(T) respectively. The proof in [3] appl ies to the case that h is a bare point of 
W(T) (the closure of W(T)). In the present note we show that X may be any 
extreme point of W(T), and we give an example, which shows that it generally 
is not true for arbitrary points in aPV’( T). 
THEOREM. Statement (A) is true ;f X is an extreme point of W(T). 
Proof. Let g, := fn -f. Then {g,} weakly tends to 0, and 11 g, 11 < 2 since 
]I f ]I ,( 1. So we additionally may assume without loss of generality (i.e. by 
passing to a subsequence if necessary) that I] g, II + E E R. Now we have 
1 = llfn II2 = llg, II2 + 2Rek, ,f 1 + llf 112, 
(Tfnrfn) = Vc’cn,grJ + (gn> T*f)+ (Tf>,n) + (Tf,f)-+X. 
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From the weak convergence of {gn} we infer 
1 = E2 + Ilfll” and ukz,&)-t~ - (TfPff>. 
If E = 0, we are done, since then (Tg, , g,) -+ 0 and llfll = 1. Otherwise let 
0~ := U’.f/llfll>~ (f/llfllN for f f 0 and G, := (U2,/llg, II), k,lllg, II)) for all 
n E N such that g, # 0. Then 01 E W(T) and {zn} is a sequence in W(T), which 
converges to some z E W(T) such that 
Hence 
x = E2Z + llfll” a. 
Since e2 + Ilf iI2 = 1 h lies on the line segment from OL to x. Since h is an extreme 
point of W(T), we conclude A = 01 or X = z. In the latter case we have (1 - 3) h 
= llf\/2 OL and this gives X = 01, too. 
EXAMPLE. Statement (A) does not hold for all boundary points of W(T) 
in general. 
Proof. Let T: L2([- 1, 11) +L2([- 1, 11) be the selfadjoint multiplication 
operator defined by (7”) (t) = tf(t) for feL2([-1, l]), TV [-1, 11. Then 
W(T) = (-1, I), and 0 is a boundary point of W(T) but no extreme point of 
W(T). For 
1 
fn(t):=F if -l<t<O f(t):=& if -1 <t<O 
:= cos mat if O<t<l, :=0 if o<t<1 
we have llfn II = 1, llfll = 1/21i2, and weak convergence fn -+f. Since 
(Tfn ,fn) = j-” tt d + i1 t(i + 3 ~0s 2mt) dt 
-1 
zz2 j=:l tt dt + 4 Jb' t cos 2nnt dt + 0, 
Kf,f) = j.;l & dt = t, 
we have no convergence 
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